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We investigated experimentally the short- and long-range correlations in the fluctuations of the
resonance frequencies of flat, rectangular microwave cavities that contained antennas acting as
point-like perturbations. We demonstrate that their spectral properties exhibit the features typical
for singular statistics. Hitherto, only the nearest-neighbor spacing distribution had been studied.
We, in addition considered statistical measures for the long-range correlations and analyzed power
spectra. Thereby, we could corroborate that the spectral properties change to semi-Poisson statistic
with increasing microwave frequency. Furthermore, the experimental results are shown to be well
described by a model applicable to billiards containing a zero-range perturbation [T. Tudorovskiy
et al., New. J. Phys. 12, 12302 (2010)].
PACS numbers: 05.45.-a, 05.45.Ac, 03.65.Nk
I. INTRODUCTION
The field of quantum chaos [1] focuses on the quantum
manifestations of classical chaos. Signatures of chaoticity
were observed in the statistical properties of the eigenval-
ues and the wave functions of the corresponding quantum
system [2, 3], in the fluctuation properties of the scatter-
ing matrix elements of chaotic scattering processes [4, 5],
in the transport properties of quantum dots [6] and also
in systems, where time-reversal invariance is broken, e.g.,
by a magnetic field [7]. For a generic quantum system
with classically regular dynamics the spectral proper-
ties were predicted to coincide with those of Poissonian
random numbers [8], whereas according to the Bohigas-
Giannoni-Schmit conjecture [9] the spectral properties of
chaotic systems are well described by random matrix the-
ory (RMT) [10–13]. These predictions have been con-
firmed in a huge amount of experimental, numerical and
theoretical studies by now. In the present article we fo-
cus on long-range correlations of the spectral fluctuations
in non-chaotic systems. For this we used a procedure
which is based on methods from time series analysis [14].
Within this approach, the δq statistic, defined as the de-
viation between the spacing of two unfolded levels sepa-
rated by (q − 1) levels and their mean q, is viewed as a
time series with the index q taking the role of time. Its
power spectrum P qk , obtained as the modulus square of
its Fourier transform from q to k space, exhibits for small
k a power law 1/kα, which allows to distinguish between
a chaotic (α = 1) and an integrable (α = 2) classical dy-
namics. The full functional forms of the power spectrum
were derived for the RMT ensembles and Poisson statis-
tics in Ref.[15]. The analytical result for time-reversal in-
variant chaotic systems, the spectral properties of which
are expected to coincide with those of the eigenvalues of
random matrices from the Gaussian orthogonal ensemble
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(GOE), were verified using a microwave cavity with the
shape of a Sinai billiard [16].
Generally, billiards provide appropriate systems for the
study of problems within the field of quantum chaos,
because the degree of chaoticity of their classical dy-
namics only depends on their shape [1–3]. Further-
more, quantum billiards have the particular property
that their eigenvalues and wave functions can be obtained
experimentally by using flat, cylindrical microwave res-
onators [17–22]. Indeed, below a certain frequency
fmax = c/(2h) with c the velocity of light and h the
height of the resonator, the electrical field is perpendic-
ular to the top and the bottom plate of the resonator
and is governed by a two-dimensional Helmholtz equa-
tion with Dirichlet boundary conditions at the side walls
of the resonator. Accordingly, in this frequency range
of transversal-magnetic TM0 modes it is mathematically
equivalent to the Schro¨dinger equation of a quantum bil-
liard of corresponding shape. Therefore, such resonators
are referred to as microwave billiards. It is worth point-
ing out that microwave networks which simulate quan-
tum graphs [23–30] provide another suitable system for
theoretical and experimental studies of problems within
the field of quantum chaos.
We report on the investigation of long-range corre-
lations of the spectral fluctuations in terms of power
spectra in microwave billiards simulating singular bil-
liards [31], that is, quantum billiards which contain a
point-like (zero-range) perturbations. In fact, microwave
power is coupled into and out of the resonator via wire
antennas [32], and these act as singular scatterers. The
cavities used in our experiments where rectangular. Such
systems offer the simplest realization of a singular bil-
liard, because the eigenvalues and the wave functions of
the corresponding quantum billiard are known explicitly.
There, indeed exist several experimental and theoreti-
cal studies on their spectral properties [32–39]. These
works restrict to the investigation of the distribution of
the spacings of adjacent energy levels, i.e., of short-range
correlations. Already the very first experiments [17] re-
vealed deviations of the nearest-neighbor spacing distri-
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2bution (NNSD) from the Poissonian one, expected for
integrable systems, which instead was of intermediate
type [40, 41]. For small spacings the NNSD vanished,
i.e., exhibited level-repulsion typical for chaotic systems,
whereas it decreased exponentially like the Poissonian
level-spacing distribution for large spacings. These fea-
tures of the NNSD were attributed to the presence of the
antennas which act as singular perturbations. Yet, at
first, these findings were surprising, because the classical
dynamics of singular billiards is not chaotic. In classical
mechanics point-like perturbations affect only those tra-
jectories that hit them, and these are of measure zero.
In contrast to the features, in quantum mechanics even
small-size perturbations change the spectral properties of
such non-chaotic systems. Note, however, that the spec-
tral properties of billiards with a chaotic classical dynam-
ics are not affected by the addition of singular perturba-
tions.
In Refs. [42, 43] the two-point correlation function and
the NNSD of integrable billiards with a δ-function poten-
tial exhibiting a singular spectral statistics were derived.
In Ref. [44] the microwave billiard with the attached an-
tennas was regarded as a scattering system. This idea
was readopted in Refs. [45–47] and a rigorous equation
for the computation of the energy levels was derived, ap-
plicable to microwave billiards with the shape of a clas-
sically integrable billiard.
The objective of the present article is the investiga-
tion of long-range correlations, such as the Dyson-Mehta
statistic and power spectra of systems exhibiting singular
statistics. In Sec. II the experiment is described and the
experimental results are presented. Based on the Porter-
Rosenzweig model [48] we determine the chaoticity pa-
rameter in Sec. III and, finally, in Sec. IV we compare
the experimental results for the spectral properties to
those of the eigenvalues of singular billiards. For this pur-
pose, we computed the latter using the method described
in Ref. [46]. We will demonstrate, that with increasing
microwave frequency the spectral properties of the mi-
crowave billiards approach semi-Poisson statistics [46].
II. EXPERIMENTAL RESULTS
A. Experimental setup
The experiments were performed with a rectangular
microwave billiard, a schematic view of which is shown
in Fig. 1. The cavity was manufactured from brass and
its height was h = 8 mm corresponding to fmax =
18.6 GHz. The measurements were performed up to
17 GHz, in order to ensure the equivalence of the as-
sociated Helmholtz equation and the Schro¨dinger equa-
tion of the corresponding quantum billiard. The shorter
side length L2 of the microwave billiard was kept fixed
at 20.2 cm, whereas the longer one, L1, was changed as
indicated in Fig. 1, taking 5 values between 45.9 cm to
46.7 cm differing by 0.2 cm. Two microwave antennas
FIG. 1: Schematic view of the rectangular microwave billiard.
The length of its shorter side was kept fixed at L2 = 20.2 cm,
while the longer one took 5 different values differing by 0.2 cm
between L1 = 45.9 cm and L1 = 46.7 cm. For the transmis-
sion and reflection measurements, two microwave antennas
were introduced into the cavity at two of the positions marked
by A1, A2, A3 and A4.
were introduced into the cavity at two of the positions
marked by A1, A2, A3 and A4 in Fig. 1, for the mea-
surements. With respect to the lower left corner they are
located at (31.6, 5.2) cm, (21.5, 14.1) cm, (5.7, 8.2) cm
and (3.6, 2.9) cm, respectively. The diameter of the wire
was 0.9 mm and it penetrated 3 mm into the cavity. The
resonance frequencies were obtained from transmission
and reflection measurements. For this, microwave power
was coupled into the resonator via one of the antennas
and coupled out via the second or the same one by a vec-
tor network analyzer (Agilent E8364b) which was con-
nected to the antennas through flexible microwave ca-
bles (HP 85133-616). A part of the transmission mea-
surement with the antennas attached to the cavity at
A1 and A3 is presented in Fig. 2 in the frequency range
from 13.5 GHz to 16.5 GHz. It exhibits overlapping res-
onances, which hampered the determination of the res-
onance frequencies. The broadening of the resonances
is mainly due to Ohmic absorption in the walls of the
cavity. Actually, the quality factor Q ranged between
Q ' 1000 − 4000. In order to decide whether a hump
in a broad resonance corresponds to a genuine eigenvalue
we (i) plotted for each antenna combination the level se-
quences determined for the 5 configurations versus the
discrete parameter values given by the lengths L1 (see
Fig. 1), yielding a gapless level dynamics [3] if no levels
are missing, (ii) compared the reflection and transmission
measurements for a given configuration, (iii) plotted the
fluctuating part of the integrated level density Nfluc(νi),
that is, the difference of the number of identified reso-
nance frequencies N(νi) = i below νi with ν1 ≤ ν2 . . .
and the number predicted by Weyl’s formula [49] for mi-
crowave billiards, versus νi. In particular this quantity
provides a tool which is extremely sensitive to a miss-
ing or a spurious eigenvalue, because it exhibits jumps
at such frequencies. Note that, if the electric field van-
ishes at the position of an antenna at a certain reso-
nance frequency, then neither a resonance is excited nor
a hump shows up at this frequency in the correspond-
3FIG. 2: Transmission measurement between antennas posi-
tioned at A1 and A3 (see Fig. 1) for the frequency range
13.5 GHz ≤ ν ≤ 16.5 GHz. The spectrum consists of overlap-
ping resonances. Therefore, in order to determine the reso-
nance frequencies, we had to compare all reflection and trans-
mission measurements for each resonator geometry.
ing spectrum, resulting in a missing eigenvalue. While in
the lowest frequency range, the six resulting sets of res-
onance frequencies are barely distinguishable, this is no
longer the case in the upper frequency range, where the
influence of the antennas becomes particularly percepti-
ble, e.g., in the spectral properties. This aspect, actually,
will be the subject of Sec. IV. Furthermore, the distance
between the paremeters was sufficiently large, to ensure
that the associated level sequences could be considered
as independent, however, small enough so that we could
identify missing levels as described above. Accordingly,
in the lowest frequency range we had five independent
level sequences, whereas in the upper freqency ranges the
six combinations of antenna positions and the five param-
eters yielded 30 sets of independent level sequences.
B. Spectral properties of the microwave billiards
Prior to the analysis of the spectral statistics, system
specific properties, that is, the smooth modulations of
the level density, need to be removed. We carried out
this ’unfolding’ by replacing the resonance frequencies νi
by the smooth part of the integrated level density, which
is given by Weyl’s formula,
i = N
smooth(νi). (1)
Weyl’s formula [49] corresponds to a quadratic polyno-
mial, which depends on the area, the perimeter and the
curvature of the billiard. On the one hand we used Weyl’s
formula for the unfolding, on the other hand, Nsmooth(νi)
was determined by fitting a quadratic polynomial to the
experimentally determined integrated resonance density.
Both procedures yielded the same results for the spectral
properties. This yields dimensionless eigenvalues i with
mean value unity, 〈s〉 = 1, of the spacings si = i+1 − i
between adjacent levels.
We investigated the spectral properties of the unfolded
resonance frequencies in terms of the NNSD P (s), the
Dyson-Mehta statistic ∆3(L) and the power spectrum
〈P qk 〉. While the NNSD gives information on short-range
correlations, the ∆3 statistic corresponds to a measure for
the long-range correlations. The ∆3 statistic is defined
as the least-squares deviation of the integrated resonance
density of the unfolded eigenvalues from the straight line
best fitting it in the interval L and provides a measure
for the degree of rigidity of a level sequence. Another
measure for long-range correlations is the δq statistic,
δq =
q∑
i=1
(si − 〈s〉) = q+1 − 1 − q, (2)
which gives the deviation of the spacing between two un-
folded levels separated by (q − 1) levels from its mean
q. Considering the index q as the analogue of a dis-
crete time, the power spectrum is obtained as the mod-
ulus square of the Fourier transform from ’time’ to k
space [14],
P qk = |δ˜k|2, (3)
where δ˜k is the Fourier transform of δq,
δ˜k =
1√
N
N−1∑
q=0
δq exp
(
−2piiq k
N
)
. (4)
The analytical results for the NNSD and the Dyson-
Mehta statistic are given by [13]
PPoisson(s) = e−s, (5)
PGOE(s) ' pi
2
se−
pi
4 s
2
, (6)
and
∆Poisson3 (L) =
L
15
, (7)
∆GOE3 (L) '
1
pi2
(
ln(2piL) + γ − 5
4
− pi
2
8
)
, (8)
respectively. Here, γ = 0.5772... is Euler’s constant. The
quoted GOE results are approximations which, however,
have been shown to describe the spectral properties of
the eigenvalues of random matrices from the GOE very
well [13]. In Ref. [15] analytical expressions where derived
on the basis of RMT for the Gaussian ensembles and for
Poissonian random numbers, yielding
〈P qk 〉 =
1
4pi2
[
K(k/N)− 1
(k/N)
2 +
K(1− k/N)− 1
(1− k/N)2
]
+
1
4 sin2(pik/N)
+ ∆. (9)
4Here, ∆ = −1/12 for the Gaussian ensembles and ∆ =
0 for Poisson sequences and K(τ) is the spectral form
factor,
KPoisson(τ) = 1 (10)
KGOE(τ) = 2τ − τ ln (1 + 2τ) . (11)
Note, that in Eq. (9) the variable τ = k/N takes values
between 0 < 1/N ≤ τ ≤ 1 − 1/N < 1. For k/N 
1 the average power spectrum approaches a power-law
behavior 〈P qk 〉 ∝ 1/(k/N)α which can be summarized as
follows,
〈P qk 〉 −→
{
1
4pi2(k/N)2 , Poisson statistic,
1
2pi2(k/N) , GOE.
(12)
Thus, already the asymptotic features of 〈P qk 〉 for k → 0
provide information on the chaoticity of the underlying
classical dynamics.
We realized that the spectral fluctuation proper-
ties of the experimental resonance frequencies varied
smoothly with increasing frequency. Therefore, we in-
vestigated them for each of the 30 data sets in three
frequency ranges, namely in the intervals [3.8,8.0] GHz,
[8.0,11.3] GHz and [13.5,16.7] GHz, corresponding to 150,
180 and 225 resonance frequencies, respectively. The in-
tervals were chosen such that the spectral properties were
approximately the same over their whole range. The sta-
tistical measures were determined for each set separately
and then averaged over the ensemble. For the calcula-
tion of the ∆3 statistic we proceeded as described in [50].
In Fig. 3 we present the thus obtained results for the
NNSD (red [gray] histograms in the upper panels), the
∆3 statistic (red [gray] circles in the middle panels) and
the power spectrum (red [gray] dots in the lower panels).
They are compared to the corresponding Poisson and the
GOE results, shown as full and dashed lines, respectively.
In all frequency intervals the spectral properties clearly
differ from Poisson, which is expected to describe the
properties of billiards with integrable classical dynamics
like rectangular billiards. We performed numerical cal-
culations in order to ensure, that these deviations can
not be attributed to the fact that the ratios of the side
lengths L1 and L2 of the microwave billiards used in the
experiments were no irrational numbers [51].
The agreement with Poisson becomes worse with in-
creasing frequency. At s = 0 the NNSD has a dip for
all frequency ranges and is vanishingly small for the up-
permost interval. Thus it exhibits there the same fea-
tures as generic chaotic systems. For large spacings, on
the other hand, the NNSDs decrease exponentially like
the Poissonian one. Also the ∆3 statistic and the power
spectra neither agree with that for Poisson statistic nor
with that for the GOE in all frequency intervals and seem
to approach the corresponding GOE curve with increas-
ing frequency. We determined the power-law behavior
〈P qk 〉 ∝ 1/(k/N)α illustrated in a log-log plot in Fig. 4
and found that α ' 1.745 in the lower frequency range,
FIG. 3: (Color online) Experimental results for the NNSD
(red [gray] histograms in upper panel), the ∆3 statistic (red
[gray] circles in the middle panels) and the power spectrum
(red [gray] dots in lower panel). The corresponding curves
for Poisson and GOE statistics are shown as full and dashed
lines, respectively.
α ' 1.836 in the middle one and α ' 1.850 in the upper
interval. These values are close to α ' 2.0, expected for
Poissonian random numbers; see Eq. (12). Note, how-
ever, that the smallest value of k/N achieved in the ex-
periments was 1/N ' 0.005− 0.007. This prohibited the
determination of α in the effectively asymptotic region.
Still these results indicate, that the fluctuation properties
of the resonance frequencies of the microwave billiard ex-
hibit a statistic intermediate between Poisson and GOE,
thereby confirming previous findings [32, 44, 52]. The
aim of the following section is to quantify the deviation
of the spectral properties from regularity in terms of a
chaoticity parameter.
III. DETERMINATION OF THE CHAOTICITY
PARAMETER
In order to estimate the size of the deviation of the
spectral properties from those of Poissonian random
numbers we applied the random-matrix model by Porter-
Rosenzweig [48], which depends on a parameter κ and
interpolates between Poisson for κ = 0 and GOE for
5FIG. 4: (Color online) Asymptotic behavior of the power
spectra, shown in the lower panels of Fig. 3, in a log-log plot.
The experimental results and the straight line best fitting the
data are plotted as red (gray) circles and as dashed lines,
respectively. The slopes of the latter are close to −2 in all
frequency intervals.
κ = N , with N denoting the dimension of the random
matrices Hˆ with matrix elements
Hˆij = Gˆij
[
δij +
κ
N
(1− δij)
]
, i, j = 1, ...., N. (13)
Here, the quantities Gˆij denote the entries of a real sym-
metric matrix from the GOE. The parameter κ is defined
in such a way, that it does not depend on the dimension
N of Hˆ. In order to verify this, we generated for various
values of κ ensembles of 500 random matrices with di-
mensions N = 200− 500, and computed the NNSD, the
∆3 statistic and the power spectra. Then we determined
the values of κ corresponding to the three frequency inter-
vals by comparing the RMT and the experimental results
for the statistical measures and by computing the corre-
sponding mean square deviations, yielding κ = 0.6 in the
frequency range [3.8,8.0] GHz, κ = 1.5 for [8.0,11.3] GHz
and κ = 2.25 for [13.5,16.7] GHz. These values are in line
with our observation that the statistical measures deviate
more and more from Poisson with increasing frequency.
In Fig. 5 we show the experimental curves together with
those obtained on the basis of the Porter-Rosenzweig
model. Especially in the uppermost frequency interval,
the agreement between the experimental NNSD and the
RMT result seems to be very good. However, the Porter-
Rosenzweig model fails to reproduce the experimental
long-range correlations, as illustrated for the ∆3 statis-
tic and the power spectra shown in the middle and the
lower panels of Fig. 5. Similar observations were made
for the NNSD in Ref. [32]. Accordingly, we basically de-
termined the values of κ from the NNSD. Nevertheless,
the parameter κ provides a suitable measure for the size
of the deviations of the spectral statistic from Poisson.
IV. COMPARISON WITH SINGULAR
STATISTICS
The deviations of the spectral properties of the mi-
crowave billiards from the expected Poissonian statistics
are attributed to the presence of the antennas. Thin wire
FIG. 5: (Color online) Same as Fig. 3. The experimental
results are compared to the curves deduced from the Porter-
Rosenzweig model, shown as green (light gray) lines in the
upper and lower panels and as black crosses in the middle
panel. The chaoticity parameter equals κ = 0.6 in the fre-
quency range 3.8 - 8.0 GHz, κ = 1.5 for 8.0 - 11.3 GHz and
κ = 2.25 in the interval 13.5 - 16.7 GHz.
antennas can be described as two-dimensional dipoles
(line sources) with a frequency dependent coupling to the
resonator [32]. The corresponding Helmholtz equation is
mathematically equivalent to the Schro¨dinger equation
of a singular quantum billiard [41],
[−∆ + V (ν)δ(x− x0)] Ψ(x) = k2Ψ(x), (14)
where x0 denotes the position of the antenna and the
wave function Ψ(x) has to fulfill the Dirichlet boundary
condition. It was shown in [32] that the coupling pa-
rameter V (ν) varies slowly with frequency. This is in
accordance with our findings, obtained by varying the
lengths and the positions of the frequency intervals used
for the analysis of the spectral properties, and allowed
us to investigate the spectral properties in frequency in-
tervals containing at least 150 resonance frequencies. In
Refs. [42, 43] the two-point correlation function and the
NNSD of the eigenvalues of this equation were derived
for a fixed V (ν) and shown to exhibit a singular statistics
intermediate between Poisson and GOE. This approach
is applicable to closed singular billiards. Microwave bil-
liards, however, are open systems with the antennas act-
6ing as scattering channels. In Ref. [46] a model was de-
veloped which is applicable to such situations. The mi-
crowave billiard was regarded as a scattering system and
the antennas as point-like scatterers and the computation
of the eigenvalues was reduced to the calculation of the
associated renormalized Green’s function. This yielded
an explicit eigenvalue equation for singular billiards with
rectangular shape,
∞∑
n,m=1
Ψ2n,m(x0)
e1−k
2
nm/k
2
k2 − k2nm
+
1
2pi
ln
(
kβ
2
)
+κ = 0, (15)
where k2nm and Ψnm are the eigenvalues and wave func-
tions of the unperturbed rectangular billiard, and κ '
−0.058942 is a constant. This equation depends only on
one parameter, β, which can be interpreted as the scat-
tering length of the perturbation [46]. The perturbation
is week for β ≥ 1 and increases with decreasing β < 1.
We determined 20000 eigenvalues of the unperturbed
rectangular billiards for all geometries considered in the
experiment and solved the eigenvalue problem Eq. (15)
for each antenna position x0 (see Fig. 1) for several
values of β. Then we compared the spectral proper-
ties for the different realizations with the experimen-
tal ones and computed the corresponding mean square
deviations, in order to determine the value of β for
which the model best describes the experimental results,
yielding β = 0.9 for the frequency range [0.1,8.0] GHz,
β = 0.5 for [8.0,11.3] GHz and β = 0.01 for the interval
[13.5,16.7] GHz. For the analysis of the spectral proper-
ties we only took into account the perturbed eigenvalues,
for which Ψnm(x0) was nonzero. Note, that the unper-
turbed wave functions correspond to a vanishing electric
field strength at the position of the antenna and, thus,
the corresponding resonance frequencies are missing in
the experimental eigenvalue list. Furthermore, we used
a similar number of eigenvalues as was found in the re-
spective frequency interval.
In Fig. 6 we compare the experimental results with
the numerical ones, obtained by solving Eq. (15) (green
curves in the upper and the lower panels, crosses in the
middle ones). The agreement is very good for all three
statistical measures. Both results are compared to semi-
Poisson statistics (dashed line), where the NNSD and the
∆3 statistic are given by [41]
P sP (s) = 4se−2s (16)
and
∆sP3 (L) =
L
30
+
1
16
+
e−4L
64l2
[
1 +O
(
1
L
)]
+O
(
1
L
)
,
(17)
respectively. The result for the power spectrum is ob-
tained by inserting the form factor [53]
KsP (τ) =
2 + pi2τ2
4 + pi2τ2
(18)
and ∆ = −1/24 into Eq. (9). For small values of
k/N the power spectrum exhibits a power-law behav-
ior 〈P qk 〉 ∝ 1/(k/N)α with α ' 1.89 in the experimental
range of k values (see Fig. 4). This values is close to the
experimental ones. The agreement of the experimental
and the numerical results with semi-Poisson is striking
in the uppermost frequency range. In the middle pan-
els, showing the ∆3 statistic, all three curves actually
lie on top of each other. A similar agreement with semi-
Poisson was found numerically for the NNSD in Ref. [46].
In conclusion, the spectral properties of the rectangular
FIG. 6: (Color online) Same as Fig. 3. The experimental
results are compared to the curves obtained for the corre-
sponding singular billiards, shown as green (light gray) lines
in the upper and lower panels and as black crosses in the
middle panels, for the scattering length of the perturbation
β = 0.9 in the frequency range 3.8 - 8.0 GHz, β = 0.5 for 8.0
- 11.3 GHz and β = 0.01 in the interval 13.5 - 16.7 GHz. The
corresponding results for Poisson and semi-Poisson statistics
are shown as full and dashed lines, respectively. In the upper-
most frequency interval the curves for semi-Poisson and the
experimental and RMT results lie on top of each other.
microwave billiards are well described by the model for
billiards containing zero-range perturbations. Finally, we
should note that the spectral statistics of the eigenvalues
of Eq. (15) changes towards Poisson for high energies
k2n, i.e., far beyond the experimentally achievable values.
Here, the value of n 1 depends on the scattering length
β, that is, the coupling parameter V (ν) in Eq. (14).
7V. CONCLUSIONS
We investigated the short- and long-range correlations
of the spectral fluctuation properties of rectangular mi-
crowave billiards, which contain antennas that act as
point-like perturbations and showed that they exhibit
singular statistics. Thus, such systems can be used to
model the features of singular quantum billiards. The
experimental data indeed are well described by a model
applicable to singular rectangular billiards, i.e., to bil-
liards containing zero-range perturbations [46]. We ob-
serve a transition from Poisson statistics towards semi-
Poisson with increasing frequency. Indeed, in the up-
permost frequency range achieved in the experiments,
the spectral properties are surprisingly well described by
semi-Poisson statistics. In order to corroborate these ob-
servations, we did not only consider the NNSD, as had
been done before, but also studied long-range correla-
tions such as the ∆3 statistic and the δq statistic, or
rather its Fourier transform, the power spectrum. In [52]
deviations of the elastic enhancement factor computed
on the basis of transmission and reflection measurements
in the frequency range [16,18.5] GHz with rectangular
microwave billiards, from the predictions for integrable
systems were found which may be explained by these
results. We, in fact, may conclude, that these spectra in-
stead are suitable for the study of the enhancement factor
of systems exhibiting singular statistics. This aspect will
be pursued in a future work. Finally, we may conclude
that in order to obtain a statistics close to Poisson, i.e.,
β ' 1 for the fluctuations in the spectra of microwave bil-
liards with classically integrable dynamics, the lengths of
the antennas need to be minimized. This will result in
small excitations of the resonance modes, and thus small
amplitudes in the corresponding transmission and reflec-
tion measurements. Then, however, the identification
of the resonance positions, and thus the determination
of the eigenvalues, will become even more cumbersome
if not impossible, yielding incomplete spectra. Strictly
speaking, due to the presence of the antennas the real-
ization of Poisson statistics is impossible in microwave
billiards. Nevertheless, a level statistics which is indis-
tinguishable from Poissonian has been achieved for the
first few hundreds of resonance frequencies in measure-
ments with superconducting microwave billiards with an
integrable classical dynamics. In these experiments, the
lengths of the antennas was chosen such that they did
not reach into the cavity [54–56]. Thereby, any effect of
the antennas on the spectral properties was reduced con-
siderably and at the same time all eigenmodes could be
excited sufficiently to obtain complete level sequences.
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